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EM−GRADED RINGS
TARIQ ALRAQAD , HICHAM SABER, AND RASHID ABU-DAWWAS
Abstract. The main goal of this article is to introduce the concept of EM −
G−graded rings. This concept is an extension of the notion of EM−rings. Let
G be a group and R be a G−graded commutative ring. The G−gradation of R
can be extended to R[x] by taking the components (R[x])σ = Rσ[x]. We define R
to be EM −G−graded ring if every homogeneous zero divisor polynomial has an
annihilating content. We provide examples of EM −G−graded rings that are not
EM−rings and we prove some interesting results regarding these rings.
1. Introduction
Throughout this article, all rings are commutative rings with one. The set of
all zero divisors of a ring R is Z(R), the set of all regular elements is denoted
by reg(R), and the set of all idempotent elements is denoted by E(R). A zero
divisor polynomial f(x) ∈ R[x] is said to have an annihilating content if there
are cf ∈ Z(R) and f1 ∈ reg(R[x]) such that f(x) = cff1(x). Annihilating contents
simplify computations of annihilator of polynomials. For instance, in [3] annihilating
contents are used to obtain some results related to the zero divisors graph of R[x],
where R is a principal ideal rings. As a generalization, Abuosba and Ghanem [4]
introduce the concept of EM−rings as follows: A ring R is called EM−ring if
every zero divisor polynomial in R[x] has an annihilating content. These rings were
studied extensively in [4] and [10].
Our goal in this article is to extend the notion of EM−rings by using the concept
of graded rings. Let G be a group. A ring R with unity 1, is said to be G-graded if
there exist additive subgroups {Rσ | σ ∈ G} such that R = ⊕σ∈GRσ and RσRτ ⊆
Rστ for all σ, τ ∈ G. This gradation is denoted by (R,G). The elements of Rσ are
called homogeneous of degree σ. The set of all homogeneous elements is denoted by
h(R), and the set of homogenous zero divisors is denoted by hZ(R). If x ∈ R, then
x can be written uniquely as
∑
σ∈G
xσ, where xσ is the component of x in Rσ.
If R is a G−graded ring, then R[x] is G−graded with gradation defined by
(R[x])σ = Rσ[x], σ ∈ G. Clearly, R[x] = ⊕σ∈GRσ[x], and Rσ[x]Rτ [x] ⊆ Rστ [x],
for all σ, τ ∈ G. Furthermore, f(x) =
∑n
i=0 aix
i ∈ h(R[x]) if and only if there
exists σ ∈ G such that ai ∈ Rσ for all i. i.e. all coefficients of f are homogenous
of the same degree. We will say that R is an EM − G−graded ring if every zero
divisor homogeneous polynomial in R[x] has an annihilating content. It is evident
that every EM−ring (that is G−graded) is an EM −G−graded ring, however the
converse is not true as we will see in Examples 3.2 and 3.6.
The next section includes some preliminary results on graded rings and EM−rings
that will be needed in the following section. Section 3 is devoted to the concept of
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EM −G−graded rings and its properties. We show that if Re is an EM−ring and
the other components satisfy some certain condition then R is EM − G−graded
ring. We deduce that if (R,G) is a cross product and Re is an EM−ring then R
is an EM − G−graded ring. Some extensions of EM − G−graded rings are also
investigated. Some of these results are similar to results obtained about EM−ring
in [4]. We show that if R is EM − G-graded ring then so is R[x]. We also prove
that if R is an EM − G-graded ring and S ⊆ h(R) is multiplicatively closed then
S−1R is EM − G−graded ring. In this section we also obtain a nice result related
to the idealization R(+)R that generalizes [10, Theorem 5.1]. We show that R is
an EM−ring if and only if R(+)R is an EM − Z2−graded ring with gradation
H0 = R⊕ 0 and H1 = 0⊕ R.
2. Preliminaries
In this section we list some results on graded rings and EM−rings that will be
needed in the squeal. For a general reference on graded rings the reader is referred
to [11].
Definition 2.1. Let G be a group. A ring R with unity 1, is said to be G-graded if
there exist additive subgroups {Rσ | σ ∈ G} such that R = ⊕σ∈GRσ and RσRτ ⊆ Rστ
for all σ, τ ∈ G.
When R is G-graded we denote that by (R,G). The support of (R,G) is defined as
supp(R,G) = {σ ∈ G : Rσ 6= 0}. If x ∈ R, then x can be written uniquely as
∑
σ∈G
xσ,
where xσ is the component of x in Rσ. It is well known that Re is a subring of R with
1 ∈ Re. An ideal A of a G−graded ring R is called G−graded ideal provided that
A = ⊕σ∈G(A ∩ Rσ). In case A is a G−graded ideal of a G−graded ring R then the
factor ring R/A is a G−graded ring with gradation defined by (R/A)σ = Rσ+A/A.
For a polynomial f(x) ∈ R[x], we denote by C(f) the ideal generated by the
coefficients of f . Abuosba and Ghanem [4] noted that if cf is an annihilating content
of f then AnnR[x](f(x)) = AnnR[x](cf) and AnnR(C(f)) = AnnR(cf ). Next we show
that if f is homogenous then C(f) is a G−graded ideal.
Lemma 2.2. Let R be a G−graded ring and consider the G−grading on R[x] whose
components are R([x])σ = Rσ[x], σ ∈ G. If f(x) =
∑n
i=0 aix
i ∈ h(R[x]) then C(f)
is a G−graded ideal of R.
Proof. Since f is homogeneous, there is τ ∈ G such that {a0, . . . , an} ⊆ Rτ . Let
w =
∑
σ∈G wσ ∈ C(f). Then we can write w as w =
∑n
i=o riai. In addition, each ri
can be written as ri =
∑
σ∈G rσ,i. So, we have∑
σ∈G
wσ =
n∑
i=0
(∑
σ∈G
rσ,i
)
ai =
∑
σ∈G
(
n∑
i=0
rσ,iai
)
.
Now, for each σ ∈ G we have rσ and iai belong to RσRτ ⊆ Rστ . Therefore wσ ∈
C(f), for all σ ∈ G. Hence C(f) is G−graded ideal of R. 
Lemma 2.3. Let R be a G−graded ring. If for every σ ∈ supp(R,G), there exists
uσ ∈ Rσ such that Rσ = Reuσ and AnnRe(uσ) = {0}, then reg(Re[x]) ⊆ reg(R[x]).
Proof. Let h(x) =
∑n
i=0 aix
i ∈ reg(Re[x]). Then AnnRe(a0, a1, . . . , an) = {0}. Let
t =
∑
σ∈G tg ∈ AnnR(a0, a1, . . . , an). Then for each i, we have 0 =
∑
σ∈G tσai. Since
tσai ∈ Rσ, by the unique representation of 0, we get tσ ∈ AnnR(a0, a1, . . . , an) for
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each σ ∈ G. On the other hand, we have that for every σ ∈ G there exists stσ ∈ Re,
such that tσ = uσstσ . Since uσstσai = tσai = 0 and AnnRe(a0, . . . , an) = {0}, we
obtain that stσai = 0 for each i. So, stσ ∈ AnnRe(a0, . . . , an) = {0}, for all σ ∈ G.
This implies that t = 0. Hence h(x) ∈ reg(R[x]). 
Definition 2.4. A grading (R,G) is called crossed product over supp(R,G) if for
every σ ∈ supp(R,G), Rσ contains a unit.
Proposition 2.5. [2, Proposition 1.7] If (R,G) is crossed product over supp(R,G),
then for each σ ∈ supp(R,G), Rσ = Reu for some unit u ∈ Rσ
Definition 2.6. Let R be a ring with two gradations (R,G) and (R,G′). Then
(R,G) is almost equivalent to (R,G′) if there exists an automorphism φ : R −→ R
such that for each τ ∈ G′ the exists σ ∈ G such that φ(Rσ) = Rτ .
Proposition 2.7. [11, Proposition 8.1.2] Let R be a G−graded ring. If S ⊆ h(R)
is a multiplicatively closed subset of R, then the ring S−1R is G−graded by the
gradation (S−1R)λ = {
a
s
| s ∈ S, a ∈ R such that λ = (deg(s))−1deg(a)}.
The following lemma can be found in [6, Lemma 2.3]
Lemma 2.8. If f ∈ R[x] with C(f) = Ra then there exists g ∈ R[x] with C(g) = R
and f(x) = ag(x)
Definition 2.9. Let H be a subset (res. subring, ideal) of a ring R. Then H is called
EM−subset (res. EM−subring, EM−ideal) of R if for each f(x) ∈ H [x]∩Z(R[x]),
there exists cf ∈ Z(R) and g(x) ∈ reg(R[x]) such that f(x) = cfg(x).
3. EM −G−graded rings
We start this section by introducing the concept of EM −G−graded ring.
Definition 3.1. Let R be a G−graded ring and consider the G−grading on R[x]
whose components are R([x])σ = Rσ[x], σ ∈ G. Then R is called EM − G−graded
ring if every non-zero polynomial in hZ(R[x]) has an annihilating content.
We can see that every EM−ring that is G−graded is an EM −G−graded ring.
The next example shows that the converse is not true.
Example 3.2. The ring R = Z4[y]/(y
2) = {a + bY : a, b ∈ Z4 and Y
2 = 0}
is not an EM−ring beacuse the polynomial f(x) = 2 + Y x ∈ Z(R[x]) does not
have annihilating content (see [4, Example 2.6]). Now R is Z2−graded by R0 = Z4,
R1 = Z4Y . Let f(x) = a0+a1x+ · · ·+anx
n ∈ hZ(R[x]). Then either {a0, . . . , an} ⊆
{0, 2} or {a0, . . . , an} ⊆ Z4Y . If {a0, . . . , an} ⊆ {0, 2}, then an = 2, and hence 2
is an annihilating content of f . Assume {a0, . . . , an} ⊆ Z4Y . Then there is a
polynomial f1(x) whose one of the coefficients is 1 or 3 such that f(x) = Y f1(x) or
f(x) = 2Y f1(x). Hence either Y or 2Y is an annihilating content of f . Therefore
R is an EM − Z2−graded ring.
Theorem 3.3. Let R be G−graded ring. Then R is an EM −G−graded ring if and
only if Rσ is an EM−subset of R for all σ ∈ G.
Proof. Straightforward because hZ(R[x]) = ∪g∈G(Rg[x] ∩ Z(R[x])). 
Corollary 3.4. If R is an EM −G−graded ring then Re is an EM−subring of R.
4 T. ALRAQAD, H. SABER, AND R. ABU-DAWWAS
Theorem 3.5. Let R be a G−graded ring such that Re is an EM-ring. If for every
σ ∈ supp(R,G), there exists uσ ∈ Rσ such that Rσ = Reuσ and AnnRe(uσ) = {0},
then R is an EM −G−graded ring.
Proof. Let f(x) ∈ hZ(R[x]). Then these exists σ ∈ G such that ai ∈ Rσ for all
i. Therefore f(x) = uσh(x) for some h(x) ∈ Re[x]. If h(x) ∈ reg(Re[x]), then
by Lemma 2.3, h(x) ∈ reg(R[x]), and hence uσ is an annihilating content of f .
Suppose h(x) ∈ Z(Re[x]). Then there exist c ∈ Z(Re) and h1(x) ∈ reg(Re[x])
such that h(x) = ch1(x). So we have f(x) = uσch1(x) where uσc ∈ Z(R) and
h1(x) ∈ reg(R[x]). Hence uσc is an annihilating content of f(x). 
Example 3.6. The ring R = Z6[x, y]/(xy) is not an EM−ring (see [4, Example
3.11]). Now R is Z × Z−graded by R(0,0) = Z6, R(i,0) = Z6x
i, R(0,i) = Z6y
i (i ≥
1), and R(i,j) = 0 otherwise. For each i, R(i,0) = R(0,0)x
i, R(0,i) = R(0,0)y
i, and
AnnR(0,0)(x
i) = AnnR(0,0)(y
i) = {0}. So by Theorem 3.5, we get that R is an EM −
Z× Z−graded ring.
Let R be any commutative ring (need not to be G−graded) and n ≥ 2. Then the
ring H = R[x]/(xn) is Zn−graded by the gradation Hk = Rx
k, k ∈ Zn. For each
k ∈ Zn, we have Hk = Rx
k = H0x
k, and AnnR(x
k) = {0}. So by Theorem 3.5, we
obtain following result
Corollary 3.7. Let R be an EM−ring and n ≥ 2 be an integer. Then H =
R[x]/(xn) is EM − Zn−graded by the gradation Hk = Rx
k.
Let R be a ring and G be a group. Then the group ring R[G] is EM −G−graded
ring with gradation Hσ = Rσ, σ ∈ G. The following corollary also follows directly
from Theorem 3.5.
Corollary 3.8. Let R be an EM−ring and G be a group. Then R[G] is EM −
G−graded ring with gradation Hσ = Rσ, σ ∈ G.
Corollary 3.9. Let R be a G−graded ring. If (R,G) is crossed product over
supp(R,G) and Re is an EM−ring then R is an EM −G−graded ring.
Proof. The result follows directly from Proposition 2.5 and Theorem 3.5. 
Theorem 3.10. Let R be a ring with two gradations (R,G) and (R,G′) such that
(R,G) is almost equivalent to (R,G′). If R is EM − G−graded ring then R is
EM −G′−graded ring.
Proof. Let f(x) =
∑n
i=0 aix
i be a homogenous zero divisor of R[x] under the gra-
dation (R,G′). So
∑n
i=0 φ
−1(ai)x
i a homogenous zero divisor of R[x] under the
gradation (R,G). Hence there exists c ∈ Z(R) and g(x) ∈ reg(R[x]) such that∑n
i=0 φ
−1(ai)x
i = cg(x). This implies that φ(c) is an annihilating content of f . 
.
A ring R is called Bezout ring if every finitely generated ideal is principal. R
is called Armendariz if the product of two polynomials on R[x] is zero if and only
if the product of their coefficients is zero. Abuosba and Ghanem [4] showed that
every Bezout ring is EM−ring and every EM−ring is Aremndariz. We extend
these results into the notion of graded rings. We shall call a G−graded ring R,
Bezout−G−graded if each finitely generated G−graded ideal is principal. In addi-
tion, we will say R is Armendariz−G−graded ring if the product of two polynomials
in hZ(R[x]) is zero if and only if the product of their coefficients is zero.
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Corollary 3.11. Every Bezout−G−graded ring is an EM −G−graded ring.
Proof. The result follows directly from Lemma 2.2 and Lemma 2.8. 
Theorem 3.12. Every EM −G−graded ring is Aremndariz−G−graded.
Proof. Suppose R is an EM − G−graded ring. Let f(x) =
∑n
i=0 aix
i and g(x) =∑m
i=0 bix
i be two polynomials in h(R[x]) such that f(x)g(x) = 0. Since R is an
EM −G−graded, we get f(x) = cf
∑n1
i=0 rixi and g(x) = cg
∑m1
j=0 sjx
j where cfcg =
0. Hence, for each i, j, we have aibj = cfricgsj = 0. 
Theorem 3.13. Let R be an EM −G−graded ring and S ⊆ h(R) be a multiplica-
tively closed subset of R. Then S−1R is EM − G−graded ring by the gradation
(S−1R)λ = {
a
s
| s ∈ S, a ∈ R such that λ = (deg(s))−1deg(a)}.
Proof. Assume f(x) ∈ hZ(S−1R[x]). Then f(x) = h(x)
t
for some t ∈ S and some
h(x) ∈ hZ(R[x]). Since R is an EM − G−graded ring, there exist c ∈ Z(R) and
g(x) =
∑n
i=0 bix
i ∈ reg(R[x]) such that h(x) = cg(x). So f(x) = cg(x)
t
. Suppose
that there exists d
k
∈ S−1R such that d
k
g(x)
t
= 0. Then there exists u ∈ S such that
udg(x) = 0. Since g(x) is regular in R[x] and u ∈ S, we get d = 0. Hence g(x)
t
is
regular in S−1R[x]. Therefore S−1R[x] is an EM −G−graded ring. 
If R is a commutative ring with unity, then reg(R) is muliplicatively closed subset
of R, and the localization T (R) = (reg(R))−1R is called the total quotient ring of
R. Abuosba and Ghanem [4] deduced that if R is an EM−ring then so is T (R). A
similar result is obtain for EM−G−graded rings. Let hreg(R) be the set of regular
homogenous elements of R and define hT (R) = (hreg(R))−1R.
Corollary 3.14. If R is EM −G−graded ring then so is hT (R).
Theorem 3.15. Let R be a G−graded ring. If hT (R) is EM −G−graded ring then
for every f(x) ∈ hZ(R[x]) there exists c ∈ R such that AnnR[x](f) = AnnR[x](c).
Proof. Let f(x) ∈ hZ(R[x]). Then f(x)
1
∈ hZ(hT (R)[x]). So there exist c
t
∈
Z(hT (R)[x]), and g(x) ∈ reg(hT (R)[x]) such that f(x)
1
= k
t
g(x). So we have
u(tf(x) − kg(x)) = 0 for some u ∈ hreg(R[x]). Since u, t, and g(x) are regular,
we get AnnR[x](f) = AnnR[x](k). 
Let Rα, α ∈ I be a family of G−graded rings. Then R =
∏
α∈I Rα is G−graded
by the gradation Rg =
∏
α∈I(Rα)g, g ∈ G. Next we generalize [4, Theorem 3.12].
Theorem 3.16. Let Rα, α ∈ I be a family of G−graded rings, and R =
∏
α∈I Rα.
Then R is EM −G−graded if and only if Rα is EM −G−graded for each α ∈ I.
Proof. Suppose R is EM − G−graded. Fix j ∈ I, and let f(x) =
∑n
i=0 aix
i ∈
hZ(Rj[x]). Consider the polynomial g(x) =
∑n
i=0 bα,ix
i ∈ R[x], where for each i,
bj,i = ai, and bα,i = 0, for all α 6= j. Since all a
′
is are in the same component of
the G−grading of Rα, we get g(x) ∈ hZ(R[x]). Hence there exist c = (cα) ∈ Z(R)
and g1(x) =
∑m
i=0(dα,i)x
i ∈ reg(R[x]) such that g(x) = cg1(x), and m ≥ n. Then
f(x) = cj
∑m
i=0 dj,ix
i. It is clear that cj 6= 0, because 0 6= an = cjdj,n. Assume
ydj,i = 0 for all i. Let q = (qα) where qj = y and qα = 0, when α 6= j. Then
(qα)(dα,i) = 0 for all i. So y = 0 and hence
∑n
i=0 dj,ix
i ∈ reg(Rα[x]).
For the converse assume Rα is EM − G−graded for all α ∈ I. Let f(x) =∑n
i=0(aα,i)x
i ∈ hZ(R[x]). Then there exists (bα) ∈ R[x] such that (bα)(aα,i) = (0)
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for all i. For each α ∈ I, let fα(x) =
∑n
i=0 aα,ix
i and let J = {α ∈ I | fα /∈
reg(Rα)}. So, for each α ∈ J , we have fα(x) ∈ hZ(Rj [x]), and hence fα = cαgα(x)
for some cα ∈ Z(Rα) and some gα(x) ∈ reg(Rα[x]). Now for α /∈ J , let cα = 1
and gα(x) = fα(x). Hence we have f(x) = (cα)(gα(x)), where (cα) ∈ Z(R) and
(gα(x)) ∈ reg(R[x]) as desired. 
Theorem 3.17. If R is an EM −G−graded ring then so is R[x].
Proof. Let f(x) =
∑n
i=0 fi(x)y
i ∈ hZ(R[x, y]). Then there exists h(x) ∈ R[x] such
that h(x)fi(x) = 0 for all i. Let
g(x) = f0(x) + f1(x)x
deg(f0)+1 + f2(x)x
deg(f0)+deg(f1)+2 + · · ·+ fn(x)x
∑n−1
i=0 deg(fi)+n.
So hg = 0. Moreover, since f(x, y) ∈ h(R[x, y]), there exists λ ∈ G such that
Rλ contains all coefficients of fi(x), for all i. Hence g(x) ∈ hZ(R[x]). Thus there
exists c ∈ Z(R) and g1(x) =
∑m
i=0 bix
i ∈ reg(R[x]) such that g(x) = cg1(x). So
f0(x) = c
∑deg(f0)
i=0 bix
i = cw0(x), f1(x) = c
∑deg(f1)
i=0 bi+deg(f0)+1x
i = cw1(x), and so
on. Thus f(x, y) = c
∑n
i=0wi(x)y
i, and since ∩Ann(bi) = 0, we have
∑n
i=0wi(x)y
i ∈
reg(R[x, y]). Therefore R[x] is EM −G−graded. 
Corollary 3.18. Let R be an EM − G−graded ring and k be a positive integer.
Then R[x1, x2, . . . , xk] is an EM −G−graded ring.
Remark 3.19. If R is a G−graded ring then (x2) is a G−graded ideal of R[x]. So
R[x]/(x2) is a G−graded ring with gradation (R[x]/(x2))g = Rg[x] + (x
2)/(x2) i.e.
a+ bX ∈ h(R[x]/(x2)) if and only if there exists σ ∈ G such that a, b ∈ Rσ.
Theorem 3.20. Let R be G−graded such that h(R) ∩ Z(R) = {0}. Then H =
R[x]/(x2) is an EM −G−graded ring.
Proof. Let f(y) =
∑n
i=0(ai + biX)y
i ∈ hZ(H [y]). Then by the argument in Remark
3.19 we get that ai, bi ∈ h(R) and ai ∈ Z(R) for all i. Hence ai = 0 for all i. So we
have f(y) = X
∑n
i=0 biy
i, which yields X is an annihilating content for f . Thus H
is an EM −G−graded ring. 
Theorem 3.21. Let R be a G−graded ring. If H = R[x]/(x2) is an EM−G−graded
ring, then so is R.
Proof. Let f(y) =
∑n
i=0 riy
i ∈ hZ(R[y]). Then f(y) ∈ hZ(H [y]). Therefore f(y) =
(c+dX)
∑m
i=0(ai+biX)y
i, with ∩mi=0Ann(ai+biX) = {0}. So we have ∩
m
i=0Ann(ai) =
{0} and ri = cai for each i. Hence f(y) = c
∑n
i=0 aiy
i. Therefore R is an EM −
G−graded ring. 
Theorem 3.22. Let R be G−graded ring such that for each a ∈ h(R) there exists
b ∈ E(R) such that ann(a) = bR. Then R is an EM −G−graded ring.
Proof. Let f(x) =
∑n
i=0 aix
i ∈ hZ(R[x]). Then ai ∈ h(R) for all i. So for each i
there exists bi ∈ E(R) and ui ∈ reg(R) such that ai = uibi. Let b = 1−
∏n
i=0(1−bi).
Clearly 1− b ∈ E(R), and so b ∈ E(R). Since bi(1− bi) = 0, we get b(bi + 1− b) =
bbi = bi − bi
∏n
j=0(1 − bj) = bi and 1 =
∑n
i=0(bi + 1− b) −
∏n
i=0(bi + 1 − b). Hence
Ann(b0 + 1− b, b1 + 1− b, . . . , bn + 1− b) = {0} and for each i, ai = bui(bi + 1− b).
Thus f(x) = bg(x) where b ∈ Z(R) and g(x) =
∑n
i=0 ui(bi + 1 − b)x
i ∈ reg(R[x]).
Therefore R is EM −G−graded ring. 
Let R be a ring andM be an R−module. Then the idealization R(+)M is the ring
whose elements are those of R×M equipped with addition and multiplication defined
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by (r1, m1)+(r2, m2) = (r1+r2, m1+m2) and (r1, m1)(r2, m2) = (r1r2, r1m2+r2m1)
respectively. The annihilator of the module M in R is the set AnnR(M) = {r ∈
R | rM = {0}}. It is well known that the idealization R(+)M is Z2−graded by the
gradation (R(+)M)0 = R⊕ 0 and (R(+)M)1 = 0⊕M .
Theorem 3.23. Let R be a ring andM be an R−module such that AnnR(M) = {0}.
If R(+)M is an EM − Z2−graded by the gradation H0 = R ⊕ 0 and H1 = 0 ⊕M ,
then R is an EM−ring.
Proof. Suppose R(+)M is an EM − Z2−graded by the gradation H0 = R ⊕ 0 and
H1 = 0 ⊕M . Let f(x) =
∑n
i=0 aix
i ∈ Z(R[x]). Then AnnR(+)M{(ai, 0)} 6= {0}. So∑n
i=0(ai, 0) = x
i = (c,m)
∑k
i=0(bi, mi)x
i with k ≥ n and AnnR(+)M{(bi, mi)} = {0}.
Suppose 0 6= w ∈ AnnR{αi}. Since AnnR(M) = {0}, there exists t ∈ M such
that wt 6= 0. However, since (0, wt)(bi, mi) = (0, wtbi) = (0, 0) for all i, we get
(0, wt) ∈ AnnR(+)M{(bi, mi)} = {0}, a contradiction. Therefore f(x) = c
∑n
i=0 bix
i
with AnnR{bi} = {0} as desired. 
Ganam and Abuosba in [10] proved that if R(+)R (equivalently R[x]/(x2)) is
an EM−ring then so is R. However the converse of this result is not true. From
Theorem 3.5 and Theorem 3.23 we obtain the following result.
Corollary 3.24. A ring R is an EM−ring if and only if H = R(+)R is an EM −
Z2−graded ring with gradation H0 = R⊕ 0 and H1 = 0⊕ R.
4. Further Questions
In this section we highlight two problems that may be of interest for future re-
search.
Several results on EM−rings can be extended to EM−G−graded rings if we can
show that every homogenous zero divisor polynomial has at least one homogenous
annihilating content. The rings discussed in Theorem 3.5, Corollary 3.7, and Corol-
lary 3.8 have this property, however we don’t know if this always the case. Based
on this observation we ask the following question.
Question 4.1. In an EM−G−graded ring R, is it guaranteed that every polynomial
in hZ(R[x]) has an annihilating content that belongs to hZ(R)? If not, then what
kinds of graded rings have this property?
The second problem is related to the notion of strongly EM rings that was defined
in [4]. An EM ring R is called strongly EM ring if every zero divisor power series
has an annihilating content. If R is G−graded ring then R[[x]] is G−graded by
the gradation (R[[x]])g = Rg[[x]], g ∈ G. We define an EM − G−graded ring R
to be strongly EM −G−graded ring if every nonzero homogeneous power series in
R[[x]] has an annihilating content. It is not guaranteed that if every power series in
hZ(R[[x]]) has an annihilating content then every polynomial in hZ(R[x]) has an
annihilating content. So similar to a question from [4], we ask the following question.
Question 4.2. What types of graded rings have the property that if every power
series in hZ(R[[x]]) has an annihilating content then every polynomial in hZ(R[x])
has an annihilating content?
The following theorem describes one of these types.
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Theorem 4.3. Let R be a G−graded ring such that Z(R[[x]]) is an ideal of R[[x]].
Then R is strongly EM −G−ring if and only if every homogeneous power series in
R[[x]] has an annihilating content.
Proof. Suppose that every homogeneous power series in R[[x]] has an annihilating
content. Let f(x) =
∑n
i=0 aix
i ∈ hZ(R[[x]]). Then f(x) = cff1 for some cf ∈ Z(R)
and f1(x) =
∑
∞
i=0 bix
i ∈ reg(R[[x]]). Thus we have, ai = cfbi, for i = 0, 1, . . . , n,
and 0 = cfbi, for i ≥ n + 1. So
∑
∞
i=n+1 bix
i ∈ Z(R[[x]]). Since Z(R[[x]]) is an ideal
of R[[x]] and f1(x) ∈ reg(R[[x]]), we have
∑n
i=0 bix
i ∈ reg(R[[x]]). Thus f(x) =
cf
∑n
i=0 bix
i, where
∑n
i=0 bix
i ∈ reg(R[x]). Therefore R is EM −G−graded. 
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